Populations of species in ecosystems are constrained by the availability of resources within their environment. In effect this means that a growth of one population, needs to be balanced by the reduction in size of others. In neutral models of biodiversity all populations are assumed to change incrementally due to stochastic births and deaths of individuals. Here we propose and model another redistribution mechanism driven by abrupt collapses of the entire population of a single species freeing up resources for the remaining ones. This mechanism may be relevant for communities of bacteria, with strain-specific collapses caused e.g. by invading bacteriophages, or for other ecosystems where infectious diseases play an important role.
Introduction
Mathematical description of many processes in biology and economics or finance assumes long-term exponential growth [1, 2] yet no real-life environment allows growth to continue forever [3, 4] . In biology any growing population eventually ends ups saturating the carrying capacity of its environment determined e.g. by nutrient availability. The same is true in economics where availability of new customers and/or natural resources inevitably sets a limit on growth of companies. Population dynamics in saturated environments is routinely described by neutral "community drift" models [5, 6] sometimes with addition of deterministic differences in efficiency of utilizing resources [7] .
Here we introduce and model the saturated-state dynamics of populations exposed to episodic random collapses. All species are assumed to share the same environment that ultimately sets the limit to their exponential growth. Examples of such systems include local populations of either a single or multiple biological species competing for the same nutrient, companies competing to increase their market shares among a limited set of customers, etc. Specific case studies can be drawn from microbial ecology where susceptible bacteria are routinely decimated by exposure to bacteriophages (see e.g. [8, 9] and references therein), or paleontological record, where entire taxonomic orders can be wiped out by sudden extinctions happening at a rate independent of order size [10] .
Results
Population growth P (t) of a single exponentially replicating species in a growth-limiting environment is traditionally described by Verhulst's or logistic equation dP/dt = Ω · P · (1 − P/P tot ) [4] , where the carrying capacity of the environment P tot without loss of generality can be set to 1. In this paper we consider the collective dynamics of multiple populations competing for the same rate-limiting resource:
• Local populations are subject to episodic random collapses or extinctions. The probability of an extinction is assumed to be independent of the population size. Immediately after each collapse the freed-up resources lead to the transent exponential population growth of all remaining populations P i . The growth stops once the global population j P j reaches the carrying capacity P tot = 1.
• The environment is periodically reseeded with new species starting from the same small population size γ ≪ 1 (measured in units of environment's carrying capacity).
• We initially assume that the growth rates and collapse probabilities of all local populations are equal to each other. We also disregard the neutral drift [5] in sizes of individual populations during the time between subsequent collapses. All these assumptions will be discussed later in the paper and simulated in the Supplementary Materials.
The number of species in the steady state of the model is determined by the competition between the constant rate of introduction of new species and the overall rate of extinctions in the environment that is proportional to the number of species. To simplify our modeling we will consider a closely related variant of the model in which the number of species N is kept strictly constant. In this case each extinction event is immediately followed by the introduction of a brand new species. We have verified that the two version of our model have very similar steady state properties. The dynamics of the fixed-N model is described by
where η i (t) is the random variable which is equal to zero for surviving populations and has a large positive value for populations undergoing a collapse.
To speed up our simulations we do not continuously calculate Eq. (1) since most of the time the carrying capacity of the environment is saturated when local populations do not change. Instead we simulate the model at discreet time steps marked by extinction events. At every time step a randomly selected local population goes extinct and a brand new species with population γ ≪ 1 is added to the environment. We then instantaneously bring the system to its the carrying capacity by multiplying all populations by the same factor.
In spite of its simplified description of the ecosystem disregarding pairwise interactions between species our model has a rich population dynamics. Fig. 1A shows the time-courses of populations in a system with N = 20 species and γ = 10 capacity of the environment is nearly exhausted by just one dominant species with P max ≃ 1. When such dominant species goes extinct a large fraction of the resources suddenly becomes available and consequently all other populations increase by a large ratio 1/(1 − P max ). This marks the end of one and the start of another diversity wave that initially is dominated by a large number of species with similar population sizes. In the course of this new wave these species are eliminated one-by-one by random extinctions until only one dominant species is left standing. Its collapse ends the current and starts the new wave. In Fig. 1A one can clearly distinguish about 5 such waves terminated by the extinctions of species #5, 15, 6, 19, and 16 correspondingly. Fig. 1B shows the time-course of just one local population of the species #6 on a logarithmic scale. Between timesteps 100 and 150 the population of this species nearly exhausts the carrying capacity of the environment. Its local extinction at the timestep 154 ended the third di-versity wave and started the fourth one. Note somewhat erratic yet distinctly exponential growth of this species happening on the slow timescale set by the frequency of extinctions. This growth should not be confused with exponential re-population of recently collapsed environments that happens much faster (a small fraction of one timestep). Fig. 2 follows the population diversity (grey shaded area) defined as
2 as a function of time in a system of size N = 1000. In general D can vary between ∼ 1 when one abundant species dominates the environment and N when all species are equally abundant. The diversity is inversely proportional to the largest population P max (t) = max i P i (t). The diversity waves (purple dashed arrows in Fig. 2 ) are initiated when a dominating species collapses. As a consequence, at the start of each wave the diversity abruptly increases from ∼ 1 to a substantial fraction of the maximal possible diversity N . After this initial burst triggered by the global redistribution of biomass, the diversity exponentially declines as exp(−t/N ) (the dot-dashed line in Fig.2 ), driven by ongoing extinctions of individual populations. The typical duration, t wave of a diversity wave is equal to the time required for all of the species present at the start of the wave to go extinct one-by-one. Thus it is determined by N · exp(−t wave /N ) ∼ 1 or Purple dashed lines mark the beginnings of diversity waves when a collapse of the dominant species with Pmax ≃ 1 leads to an abrupt increase in population diversity from ∼ 1 to ∼ N . The diversity subsequently decreases ∝ exp(−t/N ) (dash-dotted line) Fig. 3 shows the compound distribution of population sizes for γ = 10 −9 and N = 1000 (the grey shaded area). This logarithmically-binned distribution defined by π(P ) = dProb(P i (t) > P )/d log 10 P were collected over 20 million individual collapses (time-steps in our model). Thus, a compound distribution is rather different from a typical "snapshot" of the system at a particular moment in time characterized by between 1 and N of highly abundant species in the current diversity wave. The compound distribution is bimodal with clearly separable peaks corresponding to two population subgroups.
The upper peak consists of the species that have not yet been eliminated in the current wave. To better understand the dynamics of the system in Fig. 3 we also show the distribution of populations sizes at the very end of each diversity wave (green line) and at the beginning of the next wave (red line). That is to say, for the green curve we take a snapshot of all populations immediately after the dominant species with P max > 1 − 1/N was eliminated, but before the available biomass was redistributed among all species. At those special moments, happening only once every t wave time steps, most population sizes are between γ and γ · N while a small fraction reaches all the way up to ∼ 1/N . During the rapid growth phase immediately after our snapshot was taken, all populations grow by the same factor 1/(1− P max ) ≃ N thereby moving all of them to the upper peak of the compound distribution thereby starting the new wave. The red curve corresponds to the snapshot of all populations immediately after this rescaling took place. It shows that at the very beginning of the new wave local populations are broadly distributed between ∼ N · γ and 1 with a peak around 1/N . One can see that for γ < 0.01/N , the tail of the distribution for most abundant populations between 1/N and 1 is well fitted by a power law π(P ) ∝ 1/P τ −1 ≃ 1/P 0.7 (dashed line in Fig. 4B ) corresponding to the power law distribution of population sizes on the linear scale dProb(P i (t) > P )/dP ∼ 1/P τ ≃ 1/P 1.7 . Overall Figs. 4A,B demonstrate that the exponent τ for different values of γ and N is remarkably universal. Indeed, for a range of parameters where the upper and the lower peaks of π(P ) are clearly separated, τ varies only between 1.6 and 1.8 (larger values of τ correspond to larger systems and larger values of γ). (red) in ten-fold decrements. Note the emergence of a nearly universal scale-free tail of the distribution fitted with τ ≃ 1.7 (dashed line).
Discussion
In this paper we explore the population dynamics in saturated environments driven exclusively by near-complete collapses of sub-populations of competing species. This type of dynamics strongly contrasts the gradual changes implied in for example the "community drift" neutral models [5] in ecology, or for the most part incremental random walks of stock values of individual companies. Conversely, collapse driven dynamics represents a sudden and usually large change of system composition. In microbial ecology such collapse may be caused e.g. by invading bacteriophages, whereas in the economy even big companies routinely go bankrupt e.g. through excessive debt amplifying the effects of external perturbations.
First, let us consider sudden collapses or local extinctions in biological systems. Here sudden population-scale changes can occur e.g. due to introduced diseases or the disappearance of a key-stone species [11, 12] that changes the composition of the entire food-web. On the microbial scale, sudden invasion of a new bacteriophage may lead to multiple orders of magnitude reduction in the population of susceptible bacteria [8, 13] , potentially leading to their complete local extinction [9] . Phage-driven collapses do not spare bacteria with large populations and may even be biased towards such as they represent easy and attractive targets for phages [14] . The compositions of abundant marine bacterial strains are shown to vary widely between different locations along the Gulf Stream in the mid-Atlantic region [15, 16] . This hints at fast reshuffling of dominant populations in those environments driven by phages.
On a very different, geological timescale collapsedriven dynamics in our model resembles that of species extinctions and subsequent radiations in the paleontological record [17, 18] . One well documented example is the recolonization by mammals of a number of ecological niches vacated by dinosaurs after the end-Cretaceous mass extinction. Interestingly, the extinction rate of taxonomic orders appears to be independent of the size of the order quantified by the number of genera it contains [10] which is assumed in our basic model of collapse-driven dynamics.
The second area of applications of our model is to describe company dynamics in economics. The size or the market share of a publicly traded company reflected in its stock price is well approximated by a random walk with (usually) small incremental steps [19] . However, as in the case of ecosystems, this smooth and gradual drift does not account for dramatic rapid changes such as bankruptcies or market crashes. In case of companies the main driver of sudden changes is their debt [20] . When the intrinsic value of a company is much smaller than its debt, even small changes in its economical environment can make it insolvent not sparing even the biggest companies from bankruptcies (think of Enron and Lehman Brothers). Empirically, the year-to-year volatility of company's market share varies with its size S, ∆S/S ∝ S −0.2 [21] . Abundance distributions in our original model (see Fig.  3 ) and most of its variants are characterized by a powerlaw tail with an exponent τ between 1.5 and 2. This is in approximate agreement with the empirical data on abundance distributions of bacteria in soil samples [22] , marine viruses (phages) [23] , characterized by power-law tails with exponents close to 2.
In the economics literature, the distributions of company sizes [24] as well as those of individual wealth [25] are known to have similar scale-free tails. Recent data for companies [24] and personal wealth [25] suggest 1/P 1.8 tail of the former distribution and 1/P 2.3 tails of the latter one. Traditionally, scale-free tails in these distributions were explained by either stochastic multiplicative processes pushed against the lower wall (the minimal population or company size, or welfare support for low income individuals) [26] [27] [28] , by variants of rich-get-richer dynamics [29] , or in terms of Self-Organized Criticality [30, 31] . The emphasis of the latter type of models on large system-wide events (avalanches [30, 31] or collapses [32] ) and on separation of timescales is similar in spirit to collapse-driven dynamics used in this study.
Needless to say, the model described in this paper was simplified in order to compare and contrast the collapsedriven dynamics to other mathematical descriptions of competition in saturated environments. In supplementary materials we describe several variants of our basic model that in addition to population collapses include the following elements:
1. Neutral "random drift" changes of population sizes during time intervals between collapses described in Ref. [5] . In this model in addition to collapses a population of size P i drifts up and down ∆P i ∝ ± P i (1 − P i ). The resulting diversity waves and compound distributions can be found in the supplementary Fig. S1 .
2. Another variant of the neutral model is when population sizes between collapses undergo slow multiplicative adjustments ∆P i ∝ ±Ω i P i restricted by the overall carrying capacity of the environment. Details and the resulting compound distribution can be found in the supplementary Fig. S2 .
3. We also consider another neutral variant of our basic model in which spatially separated subpopulations of the same species are competing with each other for the same nutrient. Sub-populations are connected by the diffusion, that is much slower than the diffusion of shared nutrient. In this model a collapsed sub-population is replenished by a small number γ of individuals diffusing from other environments, see the supplementary Fig. S3 4. In the next variant we allow the collapse probability c to systematically decrease with the population size P as c(P ) ∼ P −0.2 as suggested by the empirical studies of company dynamics [21] . As seen in the supplementary Fig. S4 the diversity dynamics and the scale-free tail of the population distribution are both remarkably robust with respect to introduction of size-dependent collapse rate.
A model in which each of the species hast its own
fitness quantified by its growth rate Ω i during rapid re-population phase and its collapse probability c i . The supplementary Fig S5 show that the overall shape of the compound distribution is similar to that in our basic model, whereas its lower panel illustrate the interplay between population size and the the two variables that define the species' fitness.
6. We finally consider another fitness model in which collapsing species do not necessarily go into extinction. Instead, each species is assigned its own "survivor ratio" γ i defined by the population drop following a collapse: P i → γ i P i . As in the previous variant each of the species is also characterized by its own growth rate Ω i . The supplementary Fig S6 shows that for intermediate populations the compound distribution is described by a power law scaling. Compared to the basic model it has a broader scaling regime and larger likelihood to have most of the "biomass" collected in one species.
Captions to supplementary figures S1-S6 provide more detailed description of model dynamics in each of these cases. Overall, the simulations of the six variants of our basic model described above preserve the general patterns of collapse-driven dynamics such as diversity wave dynamics, and a broad compound distribution of population sizes with scale-free tail for the most abundant species. Note that the population increase with both Ωi and γi. Populations and fitness parameters of N = 1000 species were taken from 50 million snapshots of the model.
A traditional definition of the fitness of a species in terms of its long-term exponential growth rate is clearly inappropriate for our model. Indeed, the long-term growth rate of each of our species is exactly zero. A better way to quantify species' success in a steady state system like ours is in terms of their average population size P i (t) . In the last two variants of our basic model we add fitness-related parameters to each of the species: its short-term exponential growth rate Ω i (model 5 and 6), its propensity to large population collapses quantified by their frequency c i (model 5), and the severity of collapses quantified by surviving fraction γ i of the population (model 6). Fig. 5 shows the average population size P i (t) t as function of Ω i and γ i in the model 6. As one can naively expects species with larger short-term growth rates and larger surviving ratios also tend to have substantially larger populations (the red area in the upper right corner of Fig. 5 ).
While in our models the probability c i and severity 1/γ i of collapses are assumed to be independent of growth rate Ω i in reality they are often oppositely correlated. Indeed, in biology much as in economics/finance fast growth usually comes at the cost of fragility and exposure to downturns forcing species to optimize trade-offs.
Some environmental conditions favor the fast growth even at the cost of a higher risk of collapse, whereas other could call for sacrificing growth to minimize probability or severity of collapses. Species in frequently collapsing environments considered in our study are known to employ bet-hedging strategies [2, [33] [34] [35] to optimize their long-term growth rate. This is obtained by splitting their populations into "growth-loving" and "risk-averse" phenotypes [34] [35] [36] . One example of this type of bethedging is provided by persistor sub-populations of some bacterial species consisting of γ ∼ 10 −4 of the overall population [37, 38] increasing to as much as γ = 10 −2 in saturated conditions (S. Semsey, private communications). A bet-hedging strategy with persistor subpopulation 10 −2 somewhat reduces the overall growth rate (only by 1%) while dramatically reducing the severity of collapses caused by antibiotics. From Fig. 5 one infers that this is indeed a good trade-off. FIG. S1. The neutral "random drift" model. This variant extends our basic model with N = 1000 and collapse ratio γ = 10 −9 by adding neutral drift at rate r taking place between subsequent collapse events in our standard model. To simulate neutral drift at every time step the population of each species is changed according to Pi → Pi ± r · Pi(1 − Pi), while preserving the overall Pi = 1 (and constraining Pi ≥ γ). This is followed by a collapse event where one of the species is randomly selected and its population is reset to Pi → γ and subsequently all species are rescaled to the carrying capacity Pi = 1. The lower panel shows the compound distributions in our system simulated for 10 6 collapse events. The grey shaded area refers to our basic, unmodified model, i.e. to the r = 0 case, while three color lines correspond to r = 10 −9
(blue), r = 10 −7 (green), and r = 10 −5 (red). The upper four panels illustrate typical time courses of the diversity
2 in our basic model and three values of the r color-coded as in the lower panel. Note that for simplicity of simulation we simulations in this variant of the model we ignore the exponential distribution of time interval τr between subsequent collapse events and use τr = 1 instead.
Compound distr. Model with random exponential redistribution of populations taking place between collapse events. The time interval τr elapsed between two subsequent collapse events is randomly chosen at each time step from an exponential distribution with mean value equal to 1. Each species population is subject to a random growth, Pi → Pi · e n·τr ·rand i (t) and subsequently rescaled to the carrying capacity of the environment: Pi = 1. Here n quantifies the overall rate of the redistribution, while randi(t) -a random number between 0 and 1 -represents species-and time step-specific component of growth rates. Its value is reselected for every species after every collapse events. Such stochasticity in growth rates captures all possible contingencies and species-specific fluctuations in growth conditions. As in our basic model, at every time step one population i randomly collapses and reset to Pi → γ = 10 −9 and all populations are rescaled to fulfill Pi = 1. The figure examines a N = 1000 system simulated for 10 6 collapse events. The grey shaded area refer to the standard model, corresponding to the n = 0 case. In this version of the model we simulate populations of a single species distributed between N = 1000 different environments connected by diffusion. At each time step a fraction γ = 10 −9 of the total population is assumed to diffuse freely between these environments. One population i is selected for collapse and reset to Pi → 0 after which all populations are seeded equally by diffusion: Pi → Pi + γ/N . All populations are then grow at identical rates until they reach a global carrying capacity: Pi = 1. Note, that here we implicitly assume that populations in all of these environments share the same carrying capacity. This is the case when diffusion rate of the rate-limiting nutrient is much faster then that of populations themselves. The histograms shown here were obtained by simulating for 10 6 subsequent collapse events. The grey shaded area refer to the standard model, i.e. where the just-collapsed population (and no other populations) is assigned a seed population of size γ. 621-633.) For bacterial populations the direction of the trend (if any) of collapse probability with population size is currently unknown. In fact one can plausible make a case for increasing of the probability of collapse with population size due to larger populations making easier to find and overall and more attractive targets for phages. In our model the collapsing population is reset to Pi → γ = 10 −9 and all populations are subsequently grown with equal exponential rates to complete saturation: Pi = 1. The figure examines an N = 1000 system simulated for 10 6 collapse events. The upper panel illustrates the recurrent diversity waves, whereas the lower panel show the compound distribution, with the grey shaded area referring to our standard model. Notice the emergence of a much more narrow distributions around γ than in the standard model. This makes sense as in the course of the wave small populations tend to collapse first. Their collapses don't drive other populations up by much and thus they all end up clustering close to each other at the very bottom of the next wave distribution around γ. When the dominant population finally collapses all small populations are rescaled up to form a narrow distribution around 1/N . This starts a new diversity wave with diversity D(t) ∼ N which is subsequently reduced with time as D(t) ∝ exp(−t/N ) if we ignore the relatively small N 0.2 -fold change in collapse frequency when changing population sizes from 1/N to N . In this approximation, each surviving population grows as P (t) ∝ exp(t/N ). The time-averaged distribution of populations thereby approaches the scaling Prob(Pi(t) > P ) ∼ Model with heterogeneous, species-specific growth rates and extinction probabilities. Each species is assigned a growth rate Ωi used when it repopulates the freed-up carrying capacity of the environment. It also has its own collapse probability ci. Both Ωi and log10ci are logarithmically distributed in the interval between 0.1 and 1. At each time step we randomly select one of the N populations, with probability ∝ c k , and collapse its population as P k → γ = 10 −9 . Subsequently all of the populations i = 1, 2...N are rescaled up Pi → Pi + (P k − γ) · Ω i P i j Ω j P j to fill up the carrying capacity of the environment: Pi = 1. The collapsed population is assigned a new random growth rate Ωi and a new collapse probability ci. The purple curve in the upper panel shows the compound population distribution whereas the grey shaded area is that for the standard model where all growth and collapse rates are equal. The lower panel shows the average collapse probability and growth rate binned by the size of the population. Populations larger than 1/N = 0.001 tend to have smaller than average ci and larger than average growth rates Ωi. Model with heterogeneous, species-specific growth rates and survival ratios (collapse sizes). Each species is assigned a growth rate Ωi ∈ [0.1, 1] and collapse size γi ∈ [10 −9 , 10 −2 ], both logarithmically distributed. At each time step we select one of the N populations, and reset its population P k → γ k · P k . Note that unlike in previous versions we scale down the population proportional to its size and not proportional to the carrying capacity of the environment. This is because our interpretation is different in this case. In this version of the model collapse represents a sudden and dramatic reduction of its population. This should be contrasted to other versions where each collapse represented a complete extinction of the species followed by appearance of a new species with a small population γ. In this version of the model extinction happens only if γ k P k < 10 −9 . In this case old species goes extinct and the new species appears with the initial population P k = γnew = 10 −9 . The new species is assigned new random values of Ω k and γ k . Subsequently all populations i = 1, 2...N are rescaled Pi → Pi + (P k − γ) · Ω i P i j Ω j P j to fill up the carrying capacity of the environment: Pi = 1.
A) The blue curve shows the population distribution, whereas the grey area refers to our standard model from the main text. B) The average growth rate Ωi and the average survivor ratio γi (multiplied by 200 to have the same range in the plot) binned by the population size. C) The average population size binned by the survivor ratio γi of the species. D) The average population size binned by the growth rate Ωi of the species.
